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Introduction 

o. 

Throughout this paper, C denotes a smooth projective curve of genus at least one, G 
denotes a reductive linear algebraic group over C, and £o is a G°° principal G-bundle over 
C. The space of all (0, l)-connections on £o is an affine space A = «4(£o) associated to the 
infinite dimensional complex vector space H 0,1 (C; ad£o)- Following Shatz ||] for the case 
G = GL(n), Atiyah and Bott defined a natural stratification of this space. If fj is a 
Cartan subalgebra for G, then the strata are indexed by the orbits under the Weyl group 
of a certain discrete set of points in f)R, the split real form of (), which we call points of 
Atiyah-Bott type for £o- Fix a set A of simple roots for G with respect to f). Since every 
Weyl orbit in fjR has a unique representative in the positive Weyl chamber Co associated 
to A, it is natural to index the strata by points fi of Atiyah-Bott type for £o which lie in 
Co- We denote by C M the stratum corresponding to fi. A point \x of Atiyah-Bott type for 
£o determines a parabolic subgroup P(n) of G, together with a C°° P(/i)-bundle r/o(/u) over 
P(f-i) such that r}o(n) x P ^ G is C°° isomorphic to £o- The condition that \i E Co is just the 
condition that P(n) is a standard parabolic subgroup. Recall that an unstable holomorphic 
bundle £ whose underlying C°°-bundle is C°° isomorphic to £o has a canonical reduction to 
a parabolic subgroup, called the Harder-Narasimhan reduction. A (0, l)-connection lies in 
Cn if and only if the parabolic subgroup of its Harder-Narasimhan reduction is conjugate to 
P(fi) in such a way that the corresponding holomorphic P(/x)-bundle is C°° isomorphic to 
rjo(fJ,). The strata are of finite codimension in A and are invariant under the action of the 
group of C°°-changes of gauge. We define Cy < r if the closure of meets C M , and define 
the relation ^ on the strata by taking the unique extension of ^ r to a transitive relation. 
More concretely, X C M if and only if there is a sequence = C m , C Ml , . . . , C A1)l = 
such that for each i ,0 < i < n — 1 the closure of C Mi meets C fli+l . 

For Atiyah and Bott, the stratification arises as follows. Let K be a compact Lie group 
whose complexification is G, and let £k be a C°° principal -fT-bundle such that x k G is 
C°° isomorphic to £o- One can then identify iT-connections on with (0, l)-connections 
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on £o- Under this identification, the strata are the stable sets under the negative gradient 
flow for the Yang-Mills functional H-FaII 2 on the space of i^-connections on £x for the various 
connected components of the critical set of the Yang-Mills functional. From this point of 
view, C„/ ^ r if there is a downward gradient flow line in the stratum C^i converging as 
t — ► — oo to a point in C M . 

Atiyah and Bott introduce a partial ordering, the Atiyah-Bott ordering, on points jx 6 {), 
as follows: /u' < /i if and only if the convex hull of the Weyl orbit of /i contains fi' . They 
then prove: 

Theorem. Let fi, fi' be points of Atiyah-Bott type for £o- If the closure of a stratum C^> 
meets another stratum then fj,' < fj, in the Atiyah-Bott ordering. 

In particular, it follows that the relation X is a partial ordering on the set of strata. 
The purpose of this paper is to prove a converse to this theorem, by showing: 

Theorem. Let £o be a C°° -principal G-bundle over C. Suppose that are points of 
Atiyah-Bott type for £o- If ^ < then C^i H C M . Thus, H i/ and onZy i/ // < \i in 
i/ie Atiyah-Bott partial ordering. 

In general, the decomposition {C^} M of the space of (0, l)-connections is not a stratifi- 
cation in the sense that the closure of a stratum is not a union of the higher strata with 



respect to the Atiyah-Bott ordering. There is only an inclusion. In Section 4.3 we give an 
example for the group SL(3) and any curve of genus greater than one to show that this 
inclusion is not in general an equality. One could ask if a somewhat stronger statement 
than the above theorem holds: given // < fj,, does there exist a point of which is in the 
closure of C^/? It is possible that the techniques of this paper can be extended to prove this 
somewhat stronger statement. 

For curves of genus one the situation is much better: in this case we have a stratification 
in the strong sense. 

Theorem. Suppose that g(C) = 1, and fix a C°° principal G-bundle £0 over C. Let \i 
be a point of Atiyah-Bott type for £o- Then the closure of the stratum in the space of 
(0,1) -connections on £0 is the union U/t'>u*-V where // ranges over points of Atiyah-Bott 
type for 

Our motivation for this work came out of the study of the moduli space of semistable 
G-bundles over an elliptic curve. One can describe this moduli space as a space of all 
nontrivial deformations of a "minimally unstable" G-bundle, which makes clear its structure 
as a weighted projective space. For many cases (but not for SL(n)), it turns out that there 
is in fact essentially a unique such minimally unstable bundle. This paper is our attempt 
to understand why this should be so. 

The contents of this paper are as follows. In Section 1, we collect some preliminaries on 
root systems and parabolic subgroups. In Section 2, we define points of Atiyah-Bott type 
and discuss the Harder-Narasimhan reduction, the strata, and the Atiyah-Bott ordering. 
Section 3 deals with what we call harmonic and superharmonic functions on a Dynkin 
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diagram, which are convenient ways to record some of the positivity properties of the 
Cartan matrix. In Section 4, we formulate the main theorems as a combinatorial problem 
and show how this problem can be translated into a set of results about bundles. Most 
of these results concerning bundles are also established there. However, one such result 
requires the notion of an elementary tranformation of G-bundles. This is defined in Section 
5, and we then prove the relevant bundle result. Finally, in Section 6 we study the problem 
of finding minimal elements in the Atiyah-Bott ordering such that the strata correspond to 
unstable bundles. 

1 Preliminaries 

1.1 Basic notation 

We denote by 5 the Lie algebra of G, by Z{G) the center of G and by %g the center of q. 
Fix a maximal torus H for G with associated Cartan subalgebra f), so that ig Q There 
is a direct sum decomposition f) = (V* <8> C) © %g- If K is a maximal compact subgroup 
of G, we let g R = v 7 ^! Lie if, and define fj R = f) n g K , (i G ) R = (a G ) n g K . Let R be the 
root system of (G,H) with Weyl group W = W(R). Fix a set A of simple roots for R, 
and let R + be the corresponding set of positive roots. The roots R span a real vector 
space V = Ann(jG)iR Q f) R - There exists a PF-invariant positive definite inner product (-, •) 
on V . Given a root a, there is an associated coroot a v G f)R. Using the inner product 
to identify V with V*, we have q v = 2a/ (a, a). We denote the Cartan integer a(/3 v ) by 
n(a,(3). Denote by A v the set of coroots dual to the simple roots. The coroot lattice A 
is the lattice inside V* spanned by the coroots, and A v is a basis for A. The fundamental 
group ni(H) C f) and {2tt\J— • tt\{H) is a lattice in Ijr containing A. From now on, we 
will omit the factor of (2-^^— l) -1 and denote the lattice inside ()r as tt\{H). Given a G A, 
the fundamental weight w a G V is the unique element of f)* vanishing on 3^ and such that 
w a (P v ) = 5 a p. The fundamental coweights w y a £ V* are defined similarly. The positive 
Weyl chamber Co in Ijr is defined by 

C = {x G fjR : q(x) > for all a G A}. 

1.2 Parabolic subgroups 

The conjugacy classes of parabolic subgroups of G are in natural one-to-one correspondence 
with non-empty subsets / C A. The class of parabolics associated with / C A has a 
representative P 1 which is the connected subgroup of G whose Lie algebra consists of the 
direct sum of the Cartan subalgebra, all the positive root spaces and the negative root 
spaces whose roots are linear combinations of the a G A — I. Clearly, P 1 C P J if and only 
if J C /. Thus, the maximal parabolics are of the form for a simple root a. We set 
p{a} = pa gy conven ti on we define P® = G. 

The Levi factor of P 1 is a reductive subgroup L 1 . Its Lie algebra is the subalgebra of g 
spanned by f) and by the root spaces corresponding to the set of roots in the linear span of 
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A — I. In particular, if is a maximal torus of L 1 . Let A L i C A be the lattice spanned by 
the coroots /3 V G f) dual to the simple roots (3 G A — I. It is a direct summand of A. The 
center i L i of Lie L 1 is given by 

IV = Pi K er/3, 
0eA-i 

and hence i L i is spanned over C by w^,a G I and jg- Thus f) = % L i © (A L i (g) C). The 
following is the equivalent formulation in terms of root systems: 

Lemma 1.2.1. The set {/3 V : j3 $ 1} U {vo y a : a G 1} is a basis for A © R = V*. 

Proof. Suppose that x G V and that a; vanishes on all the elements in the claim. Since x 
vanishes on w y a for a G I, it can be written as a linear combination of the (3^1- Since the 
subdiagram of the Dynkin diagram for G spanned by the vertices of A — / is the Dynkin 
diagram of a semisimple group, it follows that x is zero. This shows that the given elements 
span V. Since the number of them is equal to the dimension of V, it follows that they are 
a basis. □ 

A very similar argument shows the following: 

Lemma 1.2.2. If x G II is such that = for all characters x °f G and w a {x) = 
for all a £ I, then x = 0. □ 

A character \ '■ P 1 ~^ C* is dominant if its differential x* '• f) ~~ * C takes nonnegative 
values on every simple coroot. The dominant characters of P 1 which vanish on the iden- 
tity component of the center of G are the nonnegative integral linear combinations of the 
fundamental weights w a ,a G I, which are characters of P 1 . For example, if G is sim- 
ply connected, the dominant characters of P 1 are exactly the nonnegative integral linear 
combinations of the fundamental weights w a ,a G I. 

2 Stratification of the space of all (0, l)-connections 

TheC°° G-bundle £o has a first Chern class c = ci(£ ) G H 2 (C; vn(G)) = tti(G) =tti(F)/A, 
which determines the topological type of £o- Every element of it\{G) arises in this way. 
There is a slightly weaker invariant C(£o)> the image of c in iri(H)/A, where A is the 
saturation of A in tt\{H). The quotient n\{H)/k is a lattice in t)M./V* = ($g)r, and we 
shall view C(£o) as an element of (3g)r. 

A holomorphic structure ^ on is determined by a (0, l)-connection on £o- We denote 
by A = A(£,o) the space of all (0, l)-connections on £o- It is naturally an affine space for 
f)(o,i) ((7; ad ^o) , and hence supports a natural structure of an infinite dimensional affine com- 
plex variety. Let Q be the group of C°°-automorphisms of £o- Different (0, l)-connections 
determine isomorphic bundles if and only if they differ by the action of Q on A. 
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A holomorphic G-bundle £ over C is semistable if ad £ is a semistable vector bundle. The 
bundle £ is semistable if and only if, for every irreducible representation ir: G — > GL(N), 
the associated vector bundle £ C N is semistable. The subset of A corresponding to 
semistable bundles is connected, open, and dense ||]. 

2.1 Atiyah-Bott points 

Let L be a reductive subgroup of G containing H, and let Al C A be the coroot lattice of 
L. Thus ni(L) = ii\{H) / hi. Let %l C fj be the Lie algebra of the center of L. We wish to 
understand the topological types of reductions of £o to an L-bundle 770- A convenient way 
to record this information is through the Atiyah-Bott point of 77. 

Definition 2.1.1. Let L be a reductive group and let H be a maximal torus of L. Let 770 
be a C°° L-bundle over C, so that 01(770) € ir\(H) / Al- The Atiyah-Bott point of 770 is the 
unique point ^(770) € (3z)m such that, for all characters x of L, x(M%)) = ci(??o x x ^-)- 
In other words, in the notation at the beginning of this section, = C(Vo)- More 

generally, suppose that P is an arbitrary linear algebraic group whose unipotent radical 
is U and such that P/U = L, and that 770 is a P-bundle. Of course, the bundle 770 is 
topologically equivalent to (n/U) x l P for any section of the quotient map P — > L. We 
define the Atiyah-Bott point //(770) to be L-bundle /j,(i]q/U). 

Lemma 2.1.2. Suppose that 770 is a reduction of £0 £° a standard parabolic subgroup P 1 
for some I C A, possibly empty. The Atiyah-Bott point /i(?7o) aTwi i/ie topological type of 
£0 as a G-bundle determine the topological type ofrjo/U 1 as an ^-bundle (and hence of 
770 as a P 1 -bundle). Given a point fi G f)R, i/iere is a reduction of £ to a P 1 -bundle whose 
Atiyah-Bott point is fi if and only if the following conditions hold: 

(i) lies in the Lie algebra (3^/)r of the center of L 1 . 

(ii) For every simple root a £ I we have w a (/i) = w a (c) (mod Z). 

(iii) x(m) = x( c ) f or a M characters x of G. 

Proof. Let L = L 1 . Let be the saturation of Al in tt\(H), and define A similarly. 
Since Al is a direct summand of A, there is an induced injection Al/Al — ► A/A. Suppose 
that a £ I . Then ro Q : h — > C vanishes on A/,. Of course, it takes rational values on ivi(H) 
and integral values on A. Thus, w a determines a homomorphism tvi(H)/A to Q/Z, and 
thus by restriction a homomorphism A/A — > Q/Z. In fact, an easy argument shows that 
the sequence 

O^A L /A L ^A/A^0Q/Z 

is exact, where the map on the right is the one induced by ® a ^iw a . The subspace A/,(g)R C 
f)K is a complementary subspace in fjR to (3l)r. Thus projection from f)R to (3l)r defines 
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a homomorphism from tt\{H) / Al to (31, )m, whose kernel is A^/A^. Summarizing, we have 
a commutative diagram with exact columns and exact first row: 



A L /A L 



A/A 



7Tl(H)/A L 



ni(H)/A 



ei 



/Z 



ki{H)/A l 



ni(H)/A 



The point /i(?7o) is the image of 01(770) under the homomorphism tti(H)/Al — * (3l)r- It 
follows that //(770) determines 01(770) up to an element of Ai/A. Thus, two distinct points 
7/7' G 7t%(H)/Al with the same image in fjR/(A^®R) have distinct images in tti(H)/A. 
This shows that given there is at most one lift of [i to a point 7 £ it\(H)/Al whose 
image in -k\{H)/A is c, and hence that ^(770) and c (or equivalently the topological type of 
£0) determine the topological type of rjo/U as an L-bundle. Of course, the topological type 
of t]q/U as an L-bundle determines the topological type of 770 as a P-bundle. 

Next let us show that the Atiyah-Bott point /j(t?o) satisfies the three conditions stated 
in the lemma. By construction it lies in the Lie algebra of the center of L. Clearly, since 
01(770) G 7t%(H)/Al maps to c in m(H)/A, the congruence given in the second item holds. 
Lastly, since x(A t ( 7 7o)) = x( c i( r ?o)) f° r every character x of L, and since under the inclusion 
of L C G the element 01(770) maps to c, it follows that x(m( ? 7o)) = x( c ) f° r every character 
of G. 

Conversely, fix a point /_t satisfying the three conditions above. We shall show that fi is 
the Atiyah-Bott point of a reduction to P 1 of the C°° bundle £o- We claim that there is a 
C°° L-bundle 770 such that 01(770) projects to \i and such that 01(770 x^G) =c. It suffices 
to show that there is an element cl G ttx(H)/Al which projects to \i and whose image in 
tv\(H)/A is c, for then there is a C°° L-bundle 770 with 01(77) = cl, and this bundle has the 
required properties. Choose c G tti(H) lifting c. For all a £ I, w a (fi — c) G Z. Thus there 
exists a A G A such that w a (fi) = w a {\ + c) for all a £ I. Let be the image of A + c in 
tti(H)/Al. Then cl maps to c G n%(H)/A, and the image //' of cl satisfies: m a {n) = zu a (/i') 
for all a € I. Clearly, for every character \ °f G, x(^) = x(a*0- Lemma |1.2.2| , /x = /x', 



and so cl is the required element. This completes the proof of Lemma 2.1.2. 



□ 



Definition 2.1.3. A pair (fJ-,1) consisting of a point /i G {jr and a subset / C A is said 
to be of Atiyah-Bott type for c (or for £0) if an d only if the three conditions given in 
Lemma |2.1.2| are satisfied. If (/x, I) and (/i, I') are Atiyah-Bott pairs of type c, then so 
is (/i, I H L). Thus, one can always choose I to be minimal so that the conditions hold. 
This minimal / consists of all a G A for which a(fi) 7^ 0. A point /j G F)k is said to be of 
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Atiyah-Bott type for c if there is a subset / C A such that I) is a pair of Atiyah-Bott 
type for c. 

Corollary 2.1.4. Given a pair of Atiyah-Bott type for c, there is a reduction o/£o to 

an L 1 -bundle t]q whose Atiyah-Bott point is fi, and rjo is unique up to C°° isomorphism. □ 



2.2 The Harder-Narasimhan reduction 

Recall that every unstable holomorphic G-bundle £ has a canonical reduction of its structure 
group to a conjugacy class of parabolic subgroups. We can always choose a standard 
parabolic P 1 in this class. We call this reduction the Harder-Narasimhan reduction and P 
the Harder-Narasimhan parabolic of £. If £ is semistable, then by convention we take as 
the Harder-Narasimhan reduction the trivial reduction to the group G = P . The following 
summarizes the basic properties of this reduction ||, [|J], Corollary 2.11]. 

Lemma 2.2.1. Let £ be a holomorphic G-bundle over C . A reduction of £ to a P 1 -bundle 
n is the Harder-Narasimhan reduction if and only if 

(i) rj/U 1 is a semistable L 1 -bundle. 

(ii) fi(ri)eC . 

(hi) Ifael, then a(fi(n)) > 0. □ 



Corollary 2.2.2. Let /j, G f)R be of Atiyah-Bott type for c and let I = {a £ A : a(fi) > 
0}. Then there is a holomorphic G-bundle structure on £o which has Harder-Narasimhan 
reduction to a subgroup P 1 with Atiyah-Bott point \i if and only if \i E Cq. 

Proof. Since every C°° bundle has a semistable holomorphic structure, this is clear from 



the previous lemma and Lemma 2.1.2. □ 



2.3 The strata 

Following Shatz and Atiyah-Bott we define a stratification of the space of (0, l)-connections 
on £ - 

Definition 2.3.1. Fix a point /x E Co of Atiyah-Bott type for c. The stratum C A is the 
set of all (0, l)-connections defining holomorphic structures on £o whose Harder-Narasimhan 
reduction has Atiyah-Bott point equal to [a. 
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In particular, if c = £ + v with C £ 3g an d v £ V*, then £ is of Atiyah-Bott type for 
c and Cq is exactly the open dense set of (0, l)-connections defining semistable G-bundles. 
Thus for example if G is semisimple, then the stratum of semistable bundles is Co- 

The strata are preserved by the action of Q. The union of these strata over all /j E Co 
of Atiyah-Bott type for £o is A. 

We say that a holomorphic bundle structure on £o> ° r equivalently a holomorphic bundle 
whose underlying topological bundle is isomorphic to £o> is contained in the stratum if 
all (0, l)-connections determining holomorphic bundles isomorphic to it are in this stratum. 

Proposition 2.3.2. Suppose that fj, E Cq is a point of Atiyah-Bott type for c. Let a, b E C^. 

Then there is a connected complex space S, a holomorphic family of (0,1) -connections 
A s ,s E S, and points s%, S2 E S such that A s E for all s E S and A S1 is gauge equivalent 
to a and A S2 is gauge equivalent to b. In particular, C^/Q is connected. 



Proof. Lemma [2.1.2| shows that the parabolic subgroup and the topological type of the 
L-bundle rjo are determined by \i and the topological type of £o- Given two connections 
cll, bi on 7/o which define semistable holomorphic structures, an open dense set of the line 
in A(rjo) joining them will also define semistable holomorphic structures. We can use this 
line to join the corresponding (0, l)-connections a' and b' on £q- The space of holomorphic 
P-bundles with a given L-reduction is an affine space, by j|, Appendix]. After choosing 
a C°° trivialization of these spaces, we can find holomorphic, connected families of (0, 1)- 
connections joining a' to a and b' to b. □ 

The strata are locally closed in the Zariski topology in the following sense. If T is a 
finite dimensional parameter space for an algebraic family of holomorphic structures on £ 
and fi is a point of Atiyah-Bott type for £, then the subspace of T consisting of points 
parametrizing bundles contained in is a locally closed subspace of T with respect to 
the Zariski topology. An analogous statement for the classical topology holds for analytic 
families of holomorphic structures on £. 

Definition 2.3.3. Following Atiyah-Bott, we say that ^ r C^ 2 if there exists a holo- 
morphic G-bundle £ in C^ 2 and an arbitrarily small deformation of it to a bundle in C m . 
In light of the above remarks this is equivalent to the existence of a holomorphic family of 
G-bundles H over C x T, where T is connected, and a point to £ T, such that Et E C m for 
t ^ to, and such that E^ E C^ 2 . The relation < r generates a transitive relation which we 
denote by <. 



2.4 The Atiyah-Bott ordering 

Definition 2.4.1. We define the Atiyah-Bott partial ordering on h]R as follows. Given 
x E I)r, let W ■ x denotejdiejxmvex hull of the finite set W ■ x. For x,y E f)R, we define 
x > y if and only if y E W ■ x. Notice that x > y if and only if the projections of x and y 
into (3g)k are equal and v*(x) > v*(y) where v*{x) and v*(y) are the projections of x and 
y into V*. 
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For points in Co, there is a simple characterization of the ordering. 
Lemma 2.4.2. Suppose that x,y £ C$. Then x > y if and only if: 

(i) For every simple root a, zu a (x) > w a (y). 

(ii) The projections of x and y into %g are equal. 

Proof. Since the Weyl group acts trivially on it suffices to divide out by iq. We may 
thus assume that G is semisimple. By |l| Lemma 12.14], for x,y G Co, x > y if and only if 
(t, x) > {t, y) for all t £ Co- But the simplicial cone Co is spanned over R + by the elements 
a £ A, and (w^,x) = cw a (x) for some positive constant c. Thus x > y if and only if 
^a{x) > w a (y) for every a £ A. □ 

The next corollary says that on Co the Atiyah-Bott partial ordering really is a partial 
ordering: 

Corollary 2.4.3. Suppose that xi,X2 £ Cq are such that x\ < x% and X2 < x\. Then 
X\ = X2- More generally, given x\,X2 £ f)M, x\ < X2 < x\ if and ony if x\ and X2 are 
conjugate under W. □ 



The relevance of the Atiyah-Bott ordering to the ordering of strata in the space of 
(0, l)-connections is given by the following theorem Q: 

Theorem 2.4.4. (Atiyah-Bott) Suppose that C A11 ^ r C^ 2 , i.e., suppose that there is a 
bundle in the stratum C^ 2 and an arbitrarily small deformation of it which is a bundle in 
the stratum C Ml . Then fj.\ < fJ-2- □ 



Corollary 2.4.5. // C^ tl H C M2 , then < ^2 in the Atiyah-Bott partial ordering. In 
particular, we see that the transitive relation X is a partial ordering on the set of strata C^. 

The rest of this paper is devoted to establishing a converse to this result. For the case 
of curves of genus one, we have the following strong converse: 

Theorem 2.4.6. Suppose that g(C) = 1, and that [i\ < [12 in the Atiyah-Bott ordering 
and that £ is a holomorphic bundle in C^ 2 . Then there is an arbitrarily small deformation 
£' of £ contained in C w . 



For higher genus, there is a weaker version of Theorem 2.4.6 



Theorem 2.4.7. Let C be a smooth curve of genus at least one. Then ^ C^ 2 , if and 
only if m < (j, 2 . 



It follows from Theorem 2.4.6 that in the case of curves of genus one, the stratification 
is in fact a stratification in a strong sense as the next corollary shows. 
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Corollary 2.4.8. Suppose that g{C) = 1. Let fi £ Co be a point of Atiyah-Bott type for c. 
The closure of the stratum in A is equal to U^'>^^V w here //' ranges over points in Cq 
of Atiyah-Bott type for c. 



Proof. Suppose that ^ £ Co is a point of Atiyah-Bott type with // > fi. Let A be a 
(0, l)-connection in C^i. Let rj be the holomorphic G-bundle determined by A. According 
to Theorem 2.4.6 there is an arbitrarily small deformation of n' to a holomorphic G-bundle 
n contained in C^. We can extend A to a (0, l)-connection on this deformation. A C°° 
trivialization of the deformation allows us to view all the (0, l)-connections in the family 
as connections on £o- The resulting (0, l)-connection determining rj is then arbitrarily close 
to A in the space of (0, l)-connections. Thus, every neighborhood of A in A contains a 
(0, l)-connection in C^. Hence, A is contained in the closure of C^. 

This proves that the subspace Uu'>u^/i'> where // ranges over points in Co of Atiyah- 
Bott type for c, is contained in the closure of C^. The Atiyah-Bott result is that the closure 
of is contained in this union. Hence, the closure of is equal to this union. □ 



3 Harmonic functions on a Dynkin diagram 

The Cartan matrix (n(a, 0)) a has two fundamental properties: Its off-diagonal entries 
are non-positive, and its inverse is a positive matrix. The fact that these hold for A and 
for all non-empty subsets of A allows us to establish a theory of harmonic functions on A v 
with results paralleling those for harmonic functions on a compact manifold. 

3.1 The basic definitions 

A point x £ V* can be written uniquely 

with r a £ 1BL Thus, we can view x as a function f x on A v by f x (a v ) = r a = w a (x). This 
determines a linear isomorphism between V* and the space of functions A v — > M. 

Definition 3.1.1. Let /: A v -^Rbea function. It is harmonic at a v £ A v if 

J>(a,/?)/(/3 v ) = 0. 
/3GA 

The function / is superharmonic at a v if 

J>(a,/3)/(/3 v )>0, 
/3eA 
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and subharmonic at a v if 



J>(a,/?)/(/3 v )<0. 



/3eA 



Thus, for x £ V* , f x is superharmonic, harmonic, or subharmonic at a according to whether 
a(x) > 0, a{x) = 0, or a{x) < 0. Let A C A v . Then / is harmonic except at A if it is 
harmonic at every a v G A v — A. It is harmonic if it is harmonic at every a v G A v . Similarly, 
one defines the notions of superharmonic and subharmonic except at A and superharmonic 
and subharmonic. 

There is a more geometric way of viewing the harmonic condition at a £ A v . It is a 
local condition just involving the values of / on the unit disk centered at a v - an average 
value condition where the values are weighted by the Cartan integers. For a v G A v , let 
s(a v ) = {/3 V G A v : n(a,(3) < 0} be the "sphere of radius one" around a v . Since the 
only positive Cartan integers are the diagonal ones which are equal to 2, for a function 
/ : A v — ► R it is immediate from the definition that / is superharmonic at a v if and only if 



There are similar descriptions of when / is harmonic or subharmonic at a v . 
3.2 Basic properties of harmonic functions on A v 

Definition 3.2.1. If / and g are functions from A v to R we say that f> g if f(a v ) > g(a v ) 
for all a v G A v . 

Lemma 3.2.2. For x G V* , the corresponding function f x is superharmonic if and only if 
x G Co- 
Proof. As we have seen, f x is superharmonic at a v if and only if a(x) > 0. Consequently, 
fx is superharmonic if and only if x G Co- □ 

Lemma 3.2.3. A function f : A v — * R is superharmonic if and only if it is a nonnegative 
linear combination o/{/ ro v} ag A- A superharmonic function f on A v satisfies f > 0. If f 
is harmonic, then it is zero. 

Proof. Since the simplicial cone Cq is spanned by {tu„} ae A) the first statement is clear. 
Since wp{w^) > for all a, (3 G A, by e.g. (2|, p. 168], it follows that, if / is superharmonic, 
then / > 0. Finally, if / is harmonic, then / and — / are both superharmonic, so that 



2/(a v ) > 



n(a,/3)/(/3 v ). 



/3 v £s(a) 



/ = o. 



□ 
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Lemma 3.2.4. Let A C A v ; and let f , g, and h be functions from A v to R with f harmonic 
except at A, g superharmonic except at A, and h subharmonic except at A. Suppose that 
g(a v ) > f(a v ) > h(a v ) for all a v G A. Then g > f > h. 



Proof. Since the negative of a harmonic function is harmonic and the negative of a 
superharmonic function is subharmonic, the result for a subharmonic function h with / > h 
follows from that for a superharmonic function g with g > f. After replacing g by g — f, 
we may assume that g is superharmonic except at A and that g\A > 0, and wish to show 
that g > 0. Suppose that g = f x for x £ V* with x = Ylj3^eA v x pP^ ' i where the xp are 
given nonnegative real numbers for /3 V G A. The function g is superharmonic except at A 
if and only if a (re) > for all a v ^ A if and only 

^ x 7 n(a,7) > - ^ x/3n(a,f3) =v a , 

7 V GA V -A /3 v eA 

say, where the v Q are given nonnegative real numbers since n(a,/3) < 0. It suffices to show 
that x 7 > for all 7 V ^ A This follows since the inverse of the Cartan matrix for the 
subdiagram corresponding to A v — A has nonnegative entries. □ 



Lemma 3.2.5. Fix A C A. Given a function /o: A — > R, t/iere is a unique extension 
f: A v — ► R o//o which is harmonic except at A. If /o > 0, t/ien / > 0. 



Proof. By Lemma p..2.1| appplied to the dual root system, the set {wp}p & A U (A — A) is 
a basis for V . Thus if / = f x for x £ V* , then x is uniquely determined by the conditions 
a(x) = for a $l A and wp{x) = /(/3 V ) for (3 & A. The positivity statement is the 
special case of the previous lemma, applied to the inequality / > on A and viewing / as 
superharmonic except at A and as harmonic. □ 



Lemma 3.2.6. If fi, // G Co, then ^ > // in the Atiyah-Bott ordering if and only if 
f^ > f/j,'- If fJ>j £ —Co, then fi > fi' in the Atiyah-Bott ordering if and only if /„/ > f^. 



Proof. The first statement is immediate from Lemma 2.4.2[ Suppose fi,fi' G —Co- Then 
[i > fi' in the Atiyah-Bott ordering if and only if // G W • fi, if and only if — /i' G • (— fi). 
Since — /i, —y! G Co, it follows from the first statement that this holds if and only if 
f-ii > f—n' which is clearly equivalent to the statement f^ < /«'• □ 

3.3 Examples 

Let us suppose that G = SL(n). Then we view A v as the points {1, . . . , n — 1} in the 
interval I = [0, n] with 

\a — b\ = 1 if and only if n(o, b) = —1 for all a, 6 G A v . (1) 
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12 3 n-1 

Figure 1: The Graph of a Superharmonic Function for A n -i 



Given a function / : A v — ► R we extend it to a continuous function f : I — * R by first 
requiring that /(0) = /(n) = and that / is linear on each inteval [k, k+1], k = 0, . . . , n — 1. 
Then / is superharmonic if and only if / is a convex function on /. Furthermore, / is 
harmonic at a £ A v if and only if / is linear at a. (See Figure 1.) 

As Atiyah-Bott point out, / > g in their ordering if and only if the graph of / lies above 
that of g. 

Now suppose that G is a simple group of type D n or Eq,E^, or E&, so that the Dynkin 
diagram for A v is a union of three simple chains (Dynkin diagrams of A- type) , A3 

meeting at the trivalent vertex a of A v . For i = 1,2,3 let £{ = #A^ and let I{ be the 
interval [0,^]. Identify with {1,2, ... ,£i} C h satisfying Condition [j] in such a way 
that the trivalent vertex a is identified with £i G 1%. Let T = Ui=i h where Ii n Ij = {a} for 
all i 7^ j. There is a unique embedding of A v C T consistent with the given embeddings 
of A^ C Ii . Given a function / : A v — ► R we extend it to a continuous function / : T — > R 
by requiring that / vanishes on £ ^ for i = 1,2,3 and by requiring that / is linear on 
each interval of the form [k,k + 1] G Ii, k = 0,1, ... ,£i — 1. Let Sj = f(a) — f(£i — 1) be 
the "slope" at a. The function / is superharmonic if and only if (i) /|Jj is convex for each 
i = 1,2, 3, and (ii) Yli=i s i — f ( a )- The function / is harmonic at b G A^ — {a} if and only 
if /|Jj is linear at b. The function / is harmonic at a if and only if the inequality in (ii) 
above is an equality. (See Figure 2.) 

Lastly, suppose that G is a simple group of type B n ,C n ,F^ or G2 so that the Dynkin 
diagram of G is a chain with a single multiple bond. Identify A v with the points {1, . . . , n} 
in the inteval I = [0, n + 1] satisfying Condition [p. Suppose that the multiple bond in the 
Dynkin diagram connects i and £ + 1 with £ identified with a short coroot a (which then 
is then the special vertex) and £ + 1 being identified with a long coroot in A v . Let m > 2 
be the multiplicity of the bond. Let / : A v — ► R be a function. We extend / to a function 
/: / — > R by requiring that /(0) = /(n + 1) = and that / be linear on each inteval of 
the form [k, k + 1], k = 0, . . . , n. Let si = f(£) - f(£ - 1) and let s 2 = f(£) - f(£ + 1). 
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Then / is super harmonic if and only if (i) /|[0,-£] and f\[£, n + 1] are convex and (ii) 
{m — l)/(a) < ms\ + S2- The function / is harmonic at b £ A v — {a} if and only if / is 
linear at b, and / is harmonic at a if and only if the inequality in (ii) above is an equality. 
(See Figure 3.) 

3.4 Relation to points of Atiyah-Bott type 

We now link the above discussion with points of Atiyah-Bott type. Recall that the strata 
C M of A = A(£) are indexed by points /j, of Atiyah-Bott type for c and such that [i £ Co. 

Proposition 3.4.1. Write c = £ + v with £ £ (3g)r a,nd v £ V* . Let /i £ f)R. Decompose 
fi = C' + v, with C' G (3g)r an d v £ V* . Let I C A. Then (fi, L) is of Atiyah-Bott type for 
c if and only if 

(i) The function f v is harmonic except at I; 

(ii) For each a v £ I, f u (a v ) = w a (c) (mod Z). 

(iii) C = C 

Moreover, fi £ Cq if and only if f v is superharmonic. 

Proof. The condition (' = £ is equivalent to the condition that for each character x °f 
G we have x(m) = x( c )- The condition that f v is harmonic at a v means that a(/i) = 0. 
The condition that f u (ce v ) = w a (c) (mod Z) is equivalent to Tu a (/j,) = w a (c) (mod %). 
Thus, by Lemma 2.1. 2| , (fi, I) is of Atiyah-Bott type for c. The final statement follows from 



Lemma |3.2.2|. □ 



4 Proof of the main theorems 



In this section we prove the two main theorems of this paper. In the first subsection, we 
describe a combinatorial problem which involves moving from one Atiyah-Bott point of type 
c in Co to a smaller one. In the second, we relate this combinatorial problem to operations 
on bundles. Taken together, these results give a proof of Theorem 2.4.6| . We then describe 



the modifications necessary to prove the weaker result Theorem 2.4.7 in the case of higher 
genus. 



4.1 A combinatorial discussion 

Let ju 6 f)t. Then we define the function f^ : A v — > M as follows. We decompose [i = (' + v 
with C £ (3g)r an d v £ V* and we set / M = f v . Note that fj, £ Co if and only if / M is 
superharmonic. For points [i, // £ Co we have > f ^ if and only if fj, > fi' in the ordering 
given in Definition 2.4.1. Given f ^ > f„>, the following theorem gives a description of a 
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sequence of moves which begins with fx and ends with //. Although we shall primarily be 
interested in the case where fx and ft' lie in Co, we cannot assume that the intervening 
points fj,i lie in Co and shall not make any assumptions on fx and fx'. 

Theorem 4.1.1. Suppose that we have two pairs (fx,I) and (fx', I') of Atiyah-Bott type 
for c with fu > Then there is a sequence of pairs of Atiyah-Bott type for c, (fx, I) = 
(fXo, Io), ■■■ , (fi n , In) = (ft', I') with f m > for < % < n - 1, and such that, for each 

i, < i < n — 1, (fXi+i, Ii+i) is obtained from (fii, ij) by one of the following moves. 

(1) Ii+i = Ij U {a}, fuilu = f^ i+1 \ii, and is subharmonic at a. Furthermore, if 
v £ [Jr is a point of Atiyah-Bott type for c and / w > f v > i/ien either f v = f Ui 
or f u = f m+1 . 

(2) Ii+1 ^ -^i; = fa i+1 \l i+1 - 

(3) = /j+i and there is a £ Ii such that the restrictions of / w and agree on 
/*-{«}. 



Proof. There are only finitely many points fx\ of Atiyah-Bott type for c with fi> fi\ > fx' . 
Thus, it suffices to show that if /„ > /„/, and if there is no point fx" of Atiyah-Bott type for 
c with fu > f^tt > f^i, then a finite sequence of the moves listed can be applied to (fx,I), 
each one not increasing fx, to produce (fx', I'). First suppose that I' % I. Then choose 
6o £ I' — I and define a function Jo which is harmonic on A v — (I Li {6o}) with /o(a) = /«(ct) 
for all a G 7 and /o(&o) = fu'(bo)- By Lemma 3.2.5| there is a unique such function. Clearly, 
by Proposition 3.4.1 , since fx and fx' are of Atiyah-Bott type for c, the resulting function /o 
is determined by a point z^o in ()r such that (fo,/U {&o}) of Atiyah-Bott type for c. 

Since fo(bo) < f^{po), it also follows from Lemma |3 . 2 . 5| that / M > /q. Since /i is harmonic 
at &o, it follows easily from the definitions, Lemma 3.2.4, and the fact that /„ > /q that 
fo is subharmonic at &o- Suppose that /o }t fu 1 - Then there exists a b £ A v such that 
7o(°) < ffjb'ip)- Since fo and f^> are both harmonic except at I Li I', by Lemma 3.2.5 there 
exists a b\ £ I L) I' with /o(oi) < f^(b\). Since / /t '|I U {60} < /o|/ U {00}, it follows that 
b\ £ I' — (I D {bo}). Now perform the same construction with b\ replacing bo, producing a 
function f\ < /„ which is harmonic except at / U {61} and subharmonic at b\. Let v\ £ f) 
be the point of Atiyah-Bott type for c for which f Ul = f\. Since f\\I Li {61} > /o|I U {61} 
and since f\ is subharmonic except at / and harmonic except at / U {61}, it follows from 
Lemma 3.2.4 that /« > /1 > /o- Continuing in this way, we can eventually choose b £ I' — I 
and a corresponding point v £ fj^ with (v, I Li {&}) of Atiyah-Bott type for c such that the 
corresponding function f u has the property that f^>f u > fa'- Clearly with this choice, 
(v,I Li {b}) is obtained from (fx,I) by a move of Type (1) and f^ > f v > f^i. It follows 
from our hypothesis that either v = fx or v = fx' . Thus, either this move replaces fx by fx' 
or it leaves fx unchanged and decreases the cardinality of I' — I. We can continue applying 
moves of Type (1) in this manner until I' C /. 

Now suppose that /' C /. If for some b £ I' we have /^(6) > /^'(&), define the function 
/ by setting f(a) = f a (o) for all a £ I — {b}, f(b) = f^'(b), and requiring that / be 
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harmonic elsewhere. Again it is clear by Proposition 3.4.1 that f = f v for a point v £ rjR 
of Atiyah-Bott type for c. Since /„ and f u are harmonic except at /, by Lemma 3.2.5 
ffi > fv Since I' C I, both f u and /y are harmonic except at /. Since f ^ > f^i, it follows 
that f v \I > ffx'\I- Applying Lemma [3.2.5 once again, we see that f v > f^i. We can then 
obtain (v, I) from (fi, I) by by a move of Type (3). Since f tx >f v > f^>, it follows from our 
hypothesis that v = //. Thus, (//, /) is obtained from (//, I) by a single move of Type (3). 
Thus, this allows us to arrange that I' C I and that /J/' = fa'\I'- Then, we can obtain /j,' 
from by a single move of Type (2). □ 



4.2 Bundle deformations 

In this subsection, we shall concentrate on the case g{C) = 1. Here is the result which 
allows us to cover the moves of Theorem [4,1. 1| by bundle moves. 

Theorem 4.2.1. Suppose that g{C) = 1. Fix c £ ni(G). Suppose (//,/) and are 
of Atiyah-Bott type for some c, f^ > f^i, and that (fJ>',I') is obtained from by one 

of the three moves described in Theorem ETO . Let 3 be a holomorphic P 1 -bundle over C 
such that 7] = "E/U 1 is a semistable L 1 -bundle whose Atiyah-Bott point is fi. Then there is 
an arbitrarily small deformation ofExpiG to a G -bundle 5' which has a reduction E pI i 
over P 1 ' such that r( = 3 pI r /U 1 ' is a semistable L' -bundle with Atiyah-Bott point . 

Proof. We shall consider each type of move separately. We begin with two general 
lemmas. 

Lemma 4.2.2. Let Hi and H2 be connected linear algebraic groups over C. Suppose that 
p: Hi — > H2 is a surjective homomorphism. Let Hi be a holomorphic Hi-bundle over a 
curve C of arbitrary genus and let H2 be the holomorphic H2 bundle Hi Hi- Then any 
small deformation 0/H2 can be covered by a small deformation of Si. 

Proof. The tangent space to the deformations of Hi is given by H 1 (C;adn 1 Hi). The 
tangent space to the space of deformations of H2 is given by H l (C; ad# 2 H2). The natural 
map of vector bundles ad^ H — > ad# 2 H is surjective, and hence the map H l (C; ad^ H) — > 
-ff 1 (C; ad# 2 H2) is surjective. From this the result follows. □ 

The following lemma will be used for holomorphic bundles, but of course a similar result 
holds in the C°° category. 

Lemma 4.2.3. Suppose that Gi,G2,H are complex Lie groups and that (pi \ Gi — > H are 
homomorphisms with <j>i surjective. Let C, be a holomorphic principal Gi-bundle over a 
complex manifold X, and suppose that Xq 1 H is isomorphic to a bundle of the form 
(' xg 2 H , where Q' is a holomorphic G2-bundle. Then there exists a holomorphic G1XHG2- 
bundle Q" , such that £ is isomorphic to Q" X(Gix h g 2 ) ^i- 
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Proof. Choose an open cover {Ui} of X and trivializations of £ and £' over each U{. 
Suppose that g^ are the transition functions for £ and <^ • are those for There exists a 
0-cochain {hi} with values in H such that hi(f>i(gij)h~ 1 = 02 (fl 1 ^)- After shrinking the open 

cover, we can assume since 0i is surjective that the functions hi lift to functions ftj £ Gi 
with <pi(hi) = hi. Using the 0-cochain {/ij} to modify {gij}, we may then assume that the 
gij satisfy: fa(gij) = <h{gfij)- Tnus > (9ij,9ij) G Gi X^G^. Clearly, {(ffij,^)} is a 1-cocycle, 
and the bundle which it defines satisfies: Cj' X(G 1 x fr G 2 ) Gi = (■ □ 



Returning to the proof of Theorem 4.2, 1[ we begin with moves of Type (2), the simplest 



to describe. This case relies on the following elementary lemma which is implicit in p] and 
§: 

Lemma 4.2.4. Let L be a reductive group. Every holomorphic L-bundle over C has an 
arbitrarily small deformation to a semistable L-bundle. 

Proof. Fix a C°° L-bundle r\ over C. The (0, l)-connections on r/ which determine a 
semistable holomorphic L bundle structure are a non-empty open subset of the space of all 
(0, l)-connections on r/ and hence form a dense open subset. □ 

For a move o f Type (2) V C I and f^\L' = f^I'. Thus, L 1 C L 1 ' and P 7 C P 7 '. 
By Lemma 4.2.4 the L 1 -bundle rj x L i L 1 has an arbitrarily small deformation to a semi- 



stable L 7 '-bundle rj . The Atiyah-Bott point of rj is fi' . Now apply Lemma 4.2.2 to the 



surjection P 1 ' — ► L 7 ' and the bundle 3 x pj P 7 ' to produce an arbitrarily small deformation 
of the P 1 -bundle E Xpi P 1 to a P 1 -bundle 3' with 5' '/U 1 isomorphic to rj . Viewing 
this deformation of P l -bundles as giving a deformation of G-bundles exhibits the required 
deformation for a move of Type (2). 

Now we turn to a move of Type (1). This time V = L U {a}, so that L 1 C L 1 and 
P 1 CP 7 . Let P C L 1 be the maximal parabolic P 7 Pi L 1 . Its Levi factor is L 1 . Denote 
by U its unipotent radical. First let us consider the case where /«' is strictly subharmonic 
at a. This means that if rj is a semistable L 7 -bundle with Atiyah-Bott point //, then the 
Harder-Narasimhan parabolic for the L 7 -bundle rj x L v L 1 is P_, the opposite parabolic to 
P. The relevant lemma for this case is the following. 

Lemma 4.2.5. Suppose that g(C) = 1. Let M be a reductive group and let T be a 
semistable M-bundle over C. Let Q C M be a parabolic subgroup with Levi factor M\ 
and unipotent radical V . Let Q_ be the opposite parabolic in M , and let V- be its unipotent 
radical. Suppose that r is a semistable M\-bundle over C such that the Harder-Narasimhan 
parabolic ofrx m x M is Q-, and such that r Xmi M and T are C°° isomorphic. Then there 
is an arbitrarily small deformation of T to a bundle of the form Tq Xq M where Tq is a 
holomorphic Q-bundle such that Tq/V is semistable and is C°° -isomorphic to r. 

Proof. Let t>, q, m, d_ be the Lie algebras of V, Q, M, and V- respectively. The direct 
sum decomposition m = q © t>_ is preserved by the action of M\. Thus 

ad M (r Xmi M) = ad Q (r x Ml Q) © o_(r). 
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Since Q- is the Harder-Narasimhan parabolic for r Xm% M, the bundle t)_(r) is a direct 
sum of semistable bundles of positive degrees. Since g(C) = 1, it follows from stability and 
Serre duality that H l {C; d_(t)) = 0. Thus the natural map 

H\C;*Aq{t x Ml Q)) - ^(CjadjifCr x Ml M)) 

is surjective. Since C is a curve, all deformations are unobstructed, and the map from 
the deformation space of the Q-bundle r Q to that of the M-bundle r Xm x M is a 
submersion. Thus every arbitrarily small deformation of the M-bundle r x m± M arises 
from an arbitrarily small deformation of the Q-bundle r Xmi Q- In particular, there is 
an arbitrarily small deformation of the Q-bundle r x^ Q whose associated M-bundle is 
semistable. 

The set of all semistable L-bundles C°° isomorphic to r may be parametrized by an 
irreducible scheme, in the sense that there exists an irreducible scheme So and an L-bundle 
over So x C whose restriction to every slice {s} x C is semistable, and moreover such 
that every semistable L-bundle C°° isomorphic to r arises in this way. By the results of 
j|, Appendix], since by Riemann-Roch dimff 1 (C; o(t)) is independent of r, there is an 
irreducible scheme Si, fibered in affine spaces over So, which parametrizes all Q-bundle 
deformations of r Q. By the above, there is a nonempty open subset Sf s of Si and a 
dominant morphism from Sf s to the moduli space of all semistable M-bundles of the same 
topological type as T, and this moduli space is irreducible. From this, the result follows. □ 

Applying this lemma with M = L 1 , Q = P, T = r\, we see that there is an arbitrarily 
small deformation of the //-bundle rj to a bundle of the form r\p xp L 1 where rjp is a 
P-bundle and rjp/U is a semistable L 1 -bundle with Atiyah-Bott point y! . 

Using Lemma 4.2.2 for the surjection P 1 — ► L l , we produce an arbitrarily small de- 



formation of H to a bundle H' whose reduction modulo U 1 is isomorphic to rjp Xp L . 

Since P 1 ' C P 1 is the preimage of P under the natural projection P l — * L 1 , and hence 
pV = pi 

x L i P, it follows from Lemma |4.2.3| that H' can be written as E pI , x pV P 1 for 



some P 7 '-bundle E pI / whose reduction modulo U 1 ' is r\p. This completes the discussion of 
the move of Type (1) in the case when f^i is strictly subharmonic at a. 
Now assume that f^> is harmonic at a. This means that (i = //. 

Lemma 4.2.6. Suppose that g(C) = 1. Let M be a reductive group and let T be a 
semistable M-bundle over C . Let Q C M be a parabolic subgroup with Levi factor Mi 
and unipotent radical V. Then there is an arbitrarily small deformation of T to a bundle 
of the form T' x^ M where T' is a semistable Mi-bundle whose Atiyah-Bott point is equal 
to that of T under the inclusion of the center of M into the center of Mi . 



Proof. Let be the Lie algebra of V and t>_ the Lie algebra of the opposite unipotent 
radical. Let Z{Mi) denote the identity component of the center of M\. The Mi-module 
D decomposes as a direct sum © x D x where x S Z(Mi) are characters vanishing on the 
identity component of the center of M. No x ls trivial, since d is a direct sum of root 
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spaces m a corresponding to roots which are not trivial on Z{M\). Since Z(M\) is the 
center of M\, there is an action of the group of holomorphic Z(Mi)-bundles on the space of 
holomorphic Mi-bundles. We denote this action by (A, I?) i— > V ® A. If ci(A) = and if T is 
semistable, then r <g> A is a semistable holomorphic Mi-bundle which is C°°-isomorphic to 
r. Fix r a semistable Mi-bundle whose Atiyah-Bott point is that of T under the inclusion 
Z(M) C Z(M 1 ). For any x £ Z(M 1 ) trivial on Z(M), consider the vector bundle x (r). 
This is a semistable vector bundle of degree zero over the genus one curve C. Of course, 
D x (r <g) A) = D x (r) <g) x(A). For generic choices of A with ci(A) = 0, the cohomology 
group H X (C\ D x (r<8) A)) vanishes for all characters x, and hence for such generic A we have 
H X (C; o(r ® A)) = 0. By duality, H X (C; 0_(r ® A)) = for generic such A. For such A, 

H\C-M Ml (T® A)) = H 1 (C;ad M ((T® A) x Ml M)). 

Consider the set of all pairs (r, A) for which H X {C\ o(r ® A)) = 0. As in the proof of the 
previous lemma, there is an irreducible scheme S parametrizing (possibly many-to-one) 
the isomorphism classes of such pairs and a dominant map from S to the moduli space 
of semistable M-bundles C°°-isomorphic to T. Hence, the generic such M-bundle can be 
written as T' M with T' a semistable Mi-bundle with the same Atiyah-Bott point as 
T. □ 

Applying this lemma with M = L 1 , Q = P, T = 77, we see that there is an arbitrarily 
small deformation of the ^/-bundle r\ to a bundle of the form r\p Xp L 1 where r]p/U is a 
semistable L 1 -bundle with Atiyah-Bott point fi. Applying Lemma 4.2.2 and Lemma [4.2.3 
as before completes the discussion in this case. 

Notice that we did not use the hypothesis that there were no Atiyah-Bott points of type 
c strictly between fi and //. We include this hypothesis in order to handle the case of genus 
greater than one below. 

Now we consider a move of Type (3). The relevant result is the following. 

Theorem 4.2.7. Let M be a reductive group and let a be a simple root of M . Let Q = Q a 

be the corresponding maximal parabolic, V its unipotent radical and Mi its Levi factor. 
Suppose that -n is a semistable M\-bundle with Atiyah-Bott point \x with /^(a v ) = q. Then 
there is an arbitrarily small M -deformation of t]Xm 1 M to a M-bundle of the form t/qXqM 
where tjq is a Q-bundle with t]q/V a semistable Mi-bundle whose Atiyah-Bott point /i' 
satisfies f^(a v ) = q — 1. 

The proof of this theorem involves some new ideas and we postpone it to the next section. 
We show how this result implies Theorem 4.2.1 for moves of Type (3). Set M = L 7 ~ {a} and 



p = p'-M an d let U be the unipotent radical of P. We let Q = P'nM and M 1 = L 1 . 
Since f^ia) — f^'i®) is a positive integer, applying Theorem 4.2.71 repeatedly produces an 



arbitrarily small deformation of the M-bundle 77 x L i M to a bundle of the form tjq xq M 
where t]q is a semistable Q-bundle such that the Atiyah-Bott point of rj' = t]q/V is \j! . 



Applying Lemma 4.2.2 produces an arbitrarily small deformation of the P-bundle 'Ex pi P 



to a P-bundle of the form Ep where Ep/U is isomorphic to tjq xq M. It follows as before 
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from Lemma |4.2.3| that Hp reduces to a P^-bundle Hp/ with Hp/ JU 1 isomorphic to rj '. This 



concludes the proof of Theorem 4.2.1 



□ 



Proof of Theorem [2.4.6 . Theorem 2A.t is an immediate consequence of Theorem 4.2.1 
and Theorem |4.1.1| . □ 



4.3 The case of higher genus 

Here is the (weaker) statement in the case of higher genus. 

Theorem 4.3.1. Suppose that g(C) > 2. Let and (/j',/') be of Atiyah-Bott type for 

c, ffj, > fn>, and suppose that (//,/') is obtained from (fi,I) by one of the three elementary 
moves described in Theorem \4-l-l - Then there exists a holomorphic P 1 -bundle H such 



that r\ = 'E/U 1 is a semistable L 1 -bundle whose Atiyah-Bott point is [i and an arbitrarily 
small deformation o/ H x p/ G to a G-bundle H' which has a reduction Hp// over P 1 ' with 
rf = Hp// /U 1 ' a semistable L' -bundle with Atiyah-Bott point fi' . 



Proof. The proof given above for moves of Types (2) and (3) applies equally well for 
curves of higher genus. For the case of moves of Type (1) we further divided into the case 
when /„/ was strictly subharmonic at a and the case when /„/ was harmonic at a. The 
proof in this case when /„/ is harmonic reduces to the following elementary fact. Given two 
reductive groups L' C L and a semistable L'-bundle rj whose Atiyah-Bott point lies in the 
center of L, the L-bundle 7/ x jy L is semistable. 

The remaining case is where /„' is strictly subharmonic at a. Let L 1 = L. Let r/o be a 
C°° L-bundle with Atiyah-Bott point fi and such that r/o G = £o- The set A — / is a set 
of simple roots for L and determines a fundamental Weyl chamber Cq(L) in [) for the Weyl 
group of L. This chamber contains Co but will be strictly larger than it if / ^ 0. Since 

and /„/ are subharmonic at a and harmonic on A v — (/ U {a}), it follows that /i,// lie 
in — Cq(L). Our hypothesis is that there is no point v of Atiyah-Bott type for c (and the 
group G) with f^ > f u > f^i. Hence there is no point v of Atiyah-Bott type for ci(^o) (and 
the group L) with f^>f u > f^ 1 ■ Of course, under the Atiyah-Bott ordering for L we have 
fj,' > fi since ^ indexes the stratum of semistable L-bundles. According to Lemma |3.2.6| , 
applied to the group L, this implies that there is no point of Atiyah-Bott type for ci(?yo) 
with fj,' > v > fj, in the Atiyah-Bott ordering. 

Let PCIbe the maximal parabolic subgroup whose Levi factor is L', and let U C P 
be its unipotent radical and u its Lie algebra. We denote by P- the opposite parabolic, 
by U_ its unipotent radical and by u_ the Lie algebra of this opposite unipotent radical. 
Begin with a semistable L'-bundle rj' with Atiyah-Bott point // and such that n L is 
C°° isomorphic to ijq. The Harder-Narasimhan parabolic for 7/ is P__. Thus the tangent 
space to the stratum containing r/' is H l {C; adp_ (7/)) and the normal space is H l {C;u{rj')). 
The bundle u(n') is a direct sum of semistable vector bundles of negative degrees, and so 
H°(C;u(r]')) = 0. Thus, by Riemann-Roch H l {C\\x{rj')) ^ 0. This means that there is 
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an arbitrarily small P-deformation Hp of 7/ such that Hp x p L is not contained in the 
stratum containing rf X/y L. Let H = Hp xp L. According to the theorem of Atiyah-Bott, 
this means that the Atiyah-Bott point // > /j(H) in the Atiyah-Bott ordering. Of course, 
since [i is the Atiyah-Bott point of semistable L-bundles we have /i(H) > [i. It now follows 
from the discussion in the previous paragraph that /j(H) = /j, i.e., that H is a semistable 
L-bundle of the topological type of 77. 

Thus, we have produced an L-bundle H which is semistable and whose Atiyah-Bott point 
is fi which reduces to a P-bundle Hp whose associated L 1 -bundle ^p/U is isomorphic to 7/ 
and hence is semistable with Atiyah-Bott point fi' . This completes the proof of the theorem 
in this last case. □ 



Proof of Theorem p. 4. 7 . Theorem 2.4.7 is an immediate consequence of Theorem 4.3.1 



and Theorem [4.1 . 1| as well as Theorem 2.4.4 . □ 



4.4 An example 

Let us give an example to show that the stronger theorem which we proved in the case of 
genus one does not hold for any curve of higher genus. The example will be for the group 
SL(3), but surely similar examples can be constructed for any reductive group whose derived 
subgroup is of rank at least two. Fix a smooth curve C of genus at least 2. Consider a rank 
three vector bundle with trivial determinant which is given as an extension 

where A is a line bundle of degree 2 and W is a stable rank- two bundle of degree —2. 
Note that such bundles exist on any curve of genus greater than one. Viewing the Cartan 
subalgebra of SL(3) as the subspace of C 3 of triples (a, b, c) with a+b+c = 0, with the Weyl 
chamber defined by a > b > c, the Atiyah-Bott point of V is \i = (2,-1,-1). Consider 
the Atiyah-Bott point /j' = (1,0, —1). Clearly, /j > /j'. The stratum C^i consists of all rank 
three vector bundles with trivial determinant and a three-step filtration whose successive 
quotients are line bundles of degrees 1, 0, —1, respectively. If there were an arbitrarily small 
deformation of V to a bundle with such a filtration, then by upper semi-continuity and 
the compactness of the space of line bundles of degree —1 on C, then there would exist a 
non-zero map from V to a line bundle of degree —1. Since degA = 2, the restriction of 
this map to A is trivial. Thus, there would be an induced non-zero map from W to a line 
bundle of degree —1, contradicting the stability of W. This shows that the bundle V which 
is in the stratum is not in the closure of the stratum C^i. Of course, we can deform V 
within its stratum to a bundle V which sits in an exact sequence 

with W' properly semistable. Such a bundle V has an arbitrarily small deformation to a 
bundle contained in C^i, so that indeed the closure of C^i meets C M . 
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5 Elementary modifications 



5.1 Statement of the main theorem 



The main goal in this section is to prove Theorem 4.2.7. For simplicity, we change notation 
in that theorem, so that M becomes G, Q becomes P, and so on. In fact, we show the 
following: 

Theorem 5.1.1. Let P = P a be a standard maximal parabolic subgroup of G, with Levi 
subgroup L. Let r] be a semistable L-bundle and let fi = be such that /^(a v ) = q. Let 
P_ denote the opposite parabolic to P and let U- be the unipotent radical of P- . Then, 
possibly after replacing n by an arbitrarily small deformation, there exists a P^-bundle £ 
such that £/f/_ = n and such that £ x p_ G = £p x p G, where £p is a P -bundle such that 
£,p/U is a semistable L-bundle whose Atiyah-Bott point jj! satisfies /^'(a v ) = q — 1. 



Proof of Theorem 4.2.7. It is a standard argument (see for example Section 4]) that 
there exists a holomorphic G-bundle T over C x C such that X| {0} x C = r/ x iG and such 
that, for all t 7^ 0, Y|{0} x C = £ xp_ G = £p xp G. Thus the G-bundle £p x P G is an 
arbitrarily small deformation of r/ x p G, as claimed. □ 



5.2 Definition of elementary modifications 

Let L be a reductive group and let rj be a principal L-bundle. Let po S G, and let 
U = {Ui : i = 1, . . . , n} be an open cover of G such that po £ U\ and po ^ Ui for i > 1. Fix 
a trivialization of n with respect to the open cover IA and let gij, i < j, be the transition 
functions. By convention, this means that there exist local trivializations Si of rj\Ui and Sj 
of and SiOs~ 1 \UiDUj is left multiplication by g^. If we are given local sections Oi with 
Si(ai(x)h) = (x, h), then <7j = g^^j- Choose a small disk Uq C Ui containing p , and such 
that Uq n Ui = for i > 1. Now define a new open cover W = {Uq,U\ — {po}>^2! • • ■ Mn}- 
The transition functions for rj relative to the open cover IA' are equal to for i, j > 1, and 
goi = 1. Note that Uq n {U\ — {po}) =U$ — {po} is a punctured disk. 

Definition 5.2.1. Suppose that (p: C* — > L is a 1-parameter subgroup, in other words a 
homomorphism from C* to L. With Uq as above, fix an isomorphism of IAq to a neighborhood 
of G C sending po to 0, and use this isomorphism to view ip as a function from Z^o — {Po} 
to L. The coordinate i on C thus defines a coordinate, also denoted t, on IA®. Define the 
elementary modification n^ of r/ at po (with respect to (p and the given trivialization of n) 
to be the L-bundle given by the following transition functions g'^, i < j, with respect to 
the open cover W: For ^ (0, 1), g 1 ^ = g^, and g' m = (p. 

The motivation for this definition is as follows. Two bundles which differ by an elemen- 
tary modification should be isomorphic away from po and hence birationally isomorphic. 
By Iwahori's theorem, every double coset in the space G(C[[t]])\G(C((t)))/G(C[[t]]) is rep- 
resented by a 1-parameter subgroup, and so it is natural to use these as the gluing maps 
for the new bundle. 
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We shall not try to describe the way 77^ changes for different choices of the trivialization 
or the isomorphism from Uq to a neighborhood of G C. It is easy to see that different 
choices may lead to non-isomorphic bundles. On the other hand, the topological type of rj^ 
is determined by that of 77 and by ip. More precisely, we have: 

Lemma 5.2.2. With notation as above, ^{n^) = fi(n) -\-inp*{l), where ir is the projection 
from f) to i G . 



Proof. It suffices to show that, for all characters x °f ■£> we have degxiVv) = degx(f?) +n, 
where n is the integer such that x <f{t) = t n - But clearly xi^v) = x(ji)x ot P-> anc ^ we are 
reduced to the case of a line bundle, i.e. L = C* and tp(t) = t n . In this case, it is easy to see 
that, if A is the line bundle over C corresponding to 77, then the line bundle corresponding 
to rjtp is A <8> Oc(npo), and then the statement about degrees is clear. □ 

In practice, the groups L will arise as Levi subgroups of G, and so a 1-parameter 
subgroup of L is also a 1-parameter subgroup of G. Thus an elementary modification of an 
L-bundle 77 is also an elementary modification of the G-bundle r/XiG. It will be important 
to know when this construction does not change the topological type of 77 x l G. 

Lemma 5.2.3. Let £ be a holomorphic G-bundle, and let ip be a 1-parameter subgroup of 
G which lifts to the universal cover G. Fix an open cover and transition functions for £, 
and define £^ as above. Then ci(£ ¥ ,) = ci(£), in other words the bundles £^ and £ are 
isomorphic as C°° bundles. 



Proof. We may assume that the cover U was chosen so that each gij, / (0, 1), lifts 
to Tjij G G. By hypothesis, ip lifts to tp G G. Thus, we have lifted the transition functions 
g'ij of £<p to a collection g'^ G G. By definition, ci(£ ¥ ,) is the coboundary of {g[j}, viewed as 
an element of H 2 (C;Z(G)), and similarly for ci(£). But clearly, since there are no triple 
intersections of the Ui involving Uo, we have ci(£<p) = ci(£). □ 

In fact, the condition on (p in the lemma is both necessary and sufficient, although we 
shall not use this fact. 

Returning to the case of an L-bundle, we shall show that we may assume that the 
bundle 77^, is in general semistable. 

Lemma 5.2.4. With 77^ as above, there exists an arbitrarily small deformation r/ s of r) and 
of the trivializations so that (77^)^ is semistable. 



Proof. By Lemma 4.2.4 , there is an arbitrarily small deformation of (77^),; which is 
semistable. If g'^ are the transition functions for 77^ as defined above, this means that we 
can find transition functions gL(s), depending on s in a small disk about in C, such 
that g'ijiO) = g[p < i < j, and such that the bundle whose transition functions are 
g'ij(s) is semistable for all s ^ 0. Define gij(s) = g[j{s) for / (0,1), and goi(s) = 
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g'oi(s) ■ cp . Clearly the functions gij(s) satisfy the cocycle condition. For ^ (0,1), 
9ij(0) = 9ij(0) = 9ij, and g 01 (0) = g' 01 (0) ■ ip" 1 = g' 01 • tp~ l = 1 = 501- Thus the functions 
gij(s) define a deformation rj s of rj, possibly trivial, and (rjs)^ = (%) s is semistable for all 
s^O. □ 



Corollary 5.2.5. Let G be a reductive group and let P = P a be a standard maximal 
parabolic subgroup of G, with Levi subgroup L. Let r] be a semistable L-bundle and let 
\x = fi(r/) be such that /^(a^) = q. Let (p be the 1-parameter subgroup of G such that 
= —a v . Possibly after replacing 77 by an arbitrarily small deformation, we may 
assume that: 

(i) i] v is semistable; 

(ii) 77^ x l G is C°° isomorphic to rj x ^ G; 

(iii) The Atiyah-Bott point of r]^ is the unique fi' £ $l such that /^'(a v ) = /^(a v ) — 1. 



Proof. That we can arrange (i) after an arbitrarily small deformation of 77 follows from 
Lemma 5.2.4. Since <p lifts to G, (ii) follows from Lemma 5.2.2. Part (iii) follows from 



Lemma 5.2.2 



□ 



5.3 Writing the elementary modification as an extension 

Our goal now is to prove: 

Proposition 5.3.1. Let n, the open cover li' , and the transition functions g^ be as in the 

beginning of this section. Fix a nonzero X £ Q~ a - Let {uij} be the 1-cochain with respect to 
the open coverW with values in the sheaf U-{ri) defined as follows: = 1 for 7^ (0, 1), 
and uoi = exp(i _1 X) ; where t is the coordinate on Uq defined by the inclusion oflAo in C. 
Then {u^j} is a cocycle. Let £ be the P_ -bundle defined by the 1- cocycle {gijUij}. Then the 
bundle £ Xp_ G has a reduction to P, such that the associated L-bundle is isomorphic to 

Proof. Since there are no nonempty triple intersections involving Uq and U\, {u^} is 
vacuously a 1-cocycle. To prove the rest of the result, we shall show: for all i < j, there 
exists vfj : Ui PiUj — > U and, for all i, there exists Ui \ Ui — > G such that 

u i9ij v tj u J 1 = 9ijUij- 

For this says that the 1-cocycles g'ijvfj and gijUij are cohomologous. Clearly, the cocycle 
g'ijvfj defines a P-bundle £p whose associated L-bundle is 77^ as required. 

We can rewrite the above condition as gijU^ J v^uj 1 = gij if i < j and i 7^ 0, or in 
other words u^v^uj 1 = 1. This condition is automatically satisfied if Ui E U for i > 1 by 



25 



setting v^j = (u® lj ) 1 uj. Thus for example we can take U{ = 1 for i > 1 and set = 1 for 
1 < 2 ; < j. For (i, j) = (0, 1) we get the single condition uotpv^u^ 1 = exp(i _1 X) for some 
Vq^ : Uq n U\ —>■ U. Assuming that we have chosen u\ = 1, we seek a function u$: Uq —> G 
such that 

(P^Uq 1 exp(t _1 X) = G U. 
Clearly, it suffices to solve this equation in the SL(2) which is a subgroup of the universal 
cover of G and whose Lie algebra is Q~ a ©C- a v © Q a . In this copy of SL(2), f = y q ^) 

and we may assume that exp(i _1 X) = ^ • Taking u^ 1 = ^ ^ , we have the 

*-v A) (-°i i) (A !) = (J !)■ 

as required. □ 
Proof of Theorem 5.1.1 . Theorem |5.1.1| follows immediately from Corollary 5.2.5 and 
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Proposition 5.3.1 



Remark 5.3.2. A very similar proof shows that we can begin with a P-bundle H such 
that S/U = rj and deform the G-bundle SxpGtoa bundle of the form S' Xp G, where 



6 The minimally unstable strata over maximal parabolics 
6.1 Definition of the minimally unstable strata 

Definition 6.1.1. Let /i be an Atiyah-Bott point of type c which does not lie in %g- We 
say that \i is minimally unstable if /x is minimal among all Atiyah-Bott points of type c 
which do not lie in %g- Equivalently, the stratum is minimally unstable if, for all fx' ^ fx 
of type c, the closure of C^i meets C M if and only if fx' G ig- 

Thus, is minimally unstable if and only if it consists of unstable bundles, and, for all 
£ lying in C M , every small deformation of £; either lies in or is semistable. 

We turn now to a detailed and explicit discussion of the minimally unstable strata. Not 
suprisingly, as the next lemma shows, these are always associated to maximal parabolic 
subgroups. 

Lemma 6.1.2. Let £ be a C°° -bundle over a curve C . Suppose that /x € Co is a minimally 
unstable point of Atiyah-Bott type for £. Let P{fx) be the parabolic subgroup determined 
by fx, i. e. P{fx) = P 1 ^' where L(u) consists of all a G A with the property that f^ is not 
harmonic at a v . Then P(fx) is a maximal parabolic. Furthermore, < /^(a v ) < 1. 
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Proof. By definition, f^l > 1, and so it suffices to show that #1 = 1. Choose a £ I, 



and let /: A v -> R be define by f{a y ) 
Lemma pj, / < /„ and /(a v ) = / M (a v ) 



fuipr) an d / is harmonic outside of a. By 



> 0. Since / is harmonic except at a it follows 
from Proposition 3.2.3 that / is super harmonic. Clearly, by Lemma 3.4.1 / = f u for some 
point v G Co of Atiyah-Bott type for £ and / v < Z^, so that u < fj, in the Atiyah-Bott 
ordering. By minimality, v = (j,. Thus /(/i) = /(^) = {«}• This proves the first statement 
in the lemma. To see the second, if / At (a v ) > 1, then there is a unique function /: A v — > R 
which is harmonic except at a v and such that f(a v = / At (a v ) — 1 > 0. But then / is 
associated to a point [i! of Atiyah-Bott type for c such that // G Co, < /x, and // ^ 3^. 
This contradicts the choice of fi. □ 



Given c, there is exactly one unstable stratum of the type considered in the last lemma 
for each a G A. We label the Atiyah-Bott point for the stratum associated to a by fi c ,a- 
In case c = 1, we set [i\^ a = [i a . Our next task is to understand the partial ordering on the 

Here is the result that allows us to determine the Atiyah-Bott partial order on these 
points. 

Theorem 6.1.3. Given a,/3 G A ; let f a be a superharmonic function, harmonic except at 
a v , and similarly for fp. Then f a < fp if and only if f a (ce v ) < fp{a y ). 



Proof. Clearly, if f a <f p , then / q (q v ) < / /3 (a v ). 

To prove the converse, we use our previous results on harmonic and superharmonic func- 
tions. The Dynkin diagram of A v — {a v } is a union of t connected components Ci, . . . , C%. 
For 1 < i < t, let A^ be the set of the vertices of G together with {a v }, and assume that 
(3 V G A^. For i > 1, both f a and fp are harmonic on A, v - {a v }, and / Q (a v ) < fp(a v ). It 
follows from Lemma |3T2l3| that f a (j v ) < fp{l w ) for all 7 V G A^,i / 1. 

Now consider the restrictions of f a and fp to A^. The function f a is harmonic except at 
{a v }, and the function fp is superharmonic on A\. Since f a (a v ) < fp{a v ), Lemma |3.2.4 
implies that / a ( 7 v ) < fp{j v ) for all 7 V G A^. Hence, for all 7 V G A v , / Q ( 7 V ) < /^( 7 V ). 



This concludes the proof of Theorem 5.1.3. □ 



6.2 The simply connected case: A characterization of the partial order 

In this section, we assume that G is simple and simply connected. Then the strata of 
G-bundles whose Harder-Narasimhan parabolic is a maximal parabolic and which are of 
minimal positive degree with respect to the unique dominant character of this parabolic are 
indexed by the points fi a , where [i a is the unique point such that (5{^ a ) = for (3 ^ a (i.e., 
fn a is harmonic except at a v ) and f^ a {a y ) = 1. By Theorem |6.1.3| , fi a < [ip if and only 
if / At/3 (a v ) > 1, in other words if and only if the coefficient w a (fip) of q v in fip, expressed 
as a sum of the simple coroots, is at least 1. The stratum consists of bundles £ xp a G, 
where £ is a P a -bundle such that £/U = r\ is a semistable L a -bundle with degr? = 1. 



27 



Definition 6.2.1. A simple root a is special if 



(i) The Dynkin diagram associated to A — {a} is a union of diagrams of type A; 

(ii) The simple root a meets each component of the Dynkin diagram associated to A — {a} 
at an end of the component; 

(iii) The root a is a long root. 

If R is of type A n , then every simple root is special. All other irreducible root systems have 
a unique special simple root. It corresponds to the unique trivalent vertex if the Dynkin 
diagram is of type D n ,n > 4 or E n ,n = 6,7,8. For R = C n ,n > 2 or G2, it is the long 
simple root. For R = B n ,n > 2 and F4 it is the unique long simple root which is not 
orthogonal to a short simple root. 



Let a be special. As in the proof of Theorem 6.1.3| , suppose that the Dynkin diagram 



of A v — {a v } is a union of t connected components C±, . . . ,Ct, and let AV be the set of the 
vertices of Cj together with {a v }. Since the Dynkin diagram of A v has at most one trivalent 
vertex, each A- 7 is a chain. We may uniquely label the coroots of AV as P^, . . . , P^ n . = a v , 
where </^,/% +1 )^0. 

Lemma 6.2.2. With AV as above, suppose that f: A v — > R is superharmonic and is 
harmonic except at a y and at £ A] 7 . Let fj = /|Aj. Then fj is a linear function in 
the sense that m = fj(f3j k+1 ) — fj(Pj k ) is constant. If moreover j / i, then m = fj((3ji) = 
fj{a y )/nj, where rij = and fj(f3j k ) = km. 



Proof. The assumption that a is long implies that n(f3,a) = — 1 for every simple coroot 
(3 which is not orthogonal to a. Thus the condition that / is harmonic except at flV^ and 
a v implies that 

vMk+i) = fMk) + fMk+2) 

for all k with < k < rij — 1. Hence — fj((3j k ) is constant. If in addition 

j / i, then 2/ j (/?Y 1 ) = f^) and so fj(^ M1 ) - f 3 (f3j yk ) = f 3 (/3 y ) for all k < n 3 - 1. 
Thus fj((3j k ) = kfj(f3j 1 ). Hence, for j ^ i, the slope of fj is fj(cr )/nj, where nj is the 
cardinality of AV. □ 



Proposition 6.2.3. Suppose that R is not of type A n . Let a be the special root, and let 
f : A v — > M be superharmonic. Then f{ct y ) is the maximum value of f. More precisely, f 
increases {weakly) toward q v , in the sense that if {f3 v , . . . , f3 k = a v } C A v has diagram a 
chain and is numbered so that (Pi , 7^ 0, then f(P^) < f(P y +1 ) for 1 < i < k — 1. 



Proof. It suffices to prove this for a superharmonic function / which is harmonic except 
at a single coroot /3 V . If /3 V = a v , then we have seen that / is linear and increasing toward 
a v on each subset AV with its natural ordering. 
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Now suppose that /3 V ^ a v . Then in particular /3 V does not correspond to a trivalent 
vertex of the Dynkin diagram, so that A v — {/3 V } has at most two connected components 
D' and D" . Let (A') v be the set of all simple coroots in D' together with j3 and let (A") v 
be the set of all simple coroots in D" together with (3 y . We suppose that a v E (A") v . In 
particular, the Dynkin diagram of (A') v is a simply laced chain (possibly consisting of a 
single element). Since /' = /|(A') V is harmonic except at the endpoint /3 V , it is linear and 
increases toward /5 V . Thus the maximum value of /' is /'(/3 V ). 

The restriction /"|(A") V is superharmonic, and is harmonic except /3 V , which corre- 
sponds to an end vertex. As before, we write (A") v = IJ^A-')^ 7 , where each (A") v is a 
chain containing a v . We may assume that /3 V G (A' 1 ') v . By Lemma |6.2.2| , f" = f"\(A'- 



,/nv 



is linear, and, for i > 1, f" increases up to a v . Moreover the slope of f" is f{a y )/n'(. 

First suppose that a v is trivalent and meets 7^,72 ,73 , where 7/ E (A") v . The condi- 
tion that / is harmonic at a v says that (/(a v )-/(7^)) + (/(a v )-/(7 2 y )) + (/(a v )-/(7^)) = 
/(a v ). For i = 2,3, /(a v ) - f{^) is the slope of /f, and hence is at most /(a v )/2. It 
follows that the slope /(a v ) — fiji) of f" is nonnegative. Thus /{' is also increasing to- 
ward a v . Since /' increases toward /3 V , which is the end vertex of (A' 1 ') v , it follows that 
/|(A') V U (Ai') v increases toward a v . 

Next suppose that R is not simply laced and that a is the long simple root which 
meets a short root. If a does not correspond to an end of the Dynkin diagram, then 
(A") v = (A' 1 / ) V U(A / 2 ') V , with /? v G (A' 1 ') v , and (A' 2 ') v -{a v } + 0. Moreover f% = /"|(A 2 ') V 
is linear with slope f{a J )/n , 2 < f(a v )/2. If 7^ G (A") v are not orthogonal to a v , then the 
harmonic condition at a v says that 2/(a v ) = fnif{^)~^ m 2f{l2 ) w here {tti-i, 7712} = {1, m} 
with m > 1. Hence 

(mi + m2 _ 2 )/(a v ) = mi (/(a v ) - /( 7l v )) + m 2 (/(a v ) - /( 72 V )), 

and thus 

mi(/(« V ) - /(7i V )) >( ! f+m l -2) /(a v ). 

Since 7712/2 + mi — 2 > 0, /{' is also increasing toward a v , and the proof concludes as in 
the trivalent case. 

The remaining case is where a corresponds to an end vertex of the Dynkin diagram. In 
this case, if 7 V is the unique simple coroot not orthogonal to a v , the harmonic condition 
reads: 

(m-2)/(a v ) = m(/(a v )-/( 7 v )). 
Once again, /{' is increasing toward a v , and the proof concludes as before. □ 

Corollary 6.2.4. ///: A v — > R is superharmonic, then f attains its maximum value on 
the coroot dual to a special root. Moreover, if a is special, then / ro v has a strict maximum 
ata v . 

Proof. In case R is not of type A n , the first statement follows from Proposition |6.2.3| and 



the second from Lemma 3.2.2. In case R is of type A n , the first statement is trivially true 



since every vertex is special, and the second again follows from Lemma 3.2.2. □ 
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Let a be the highest root of R and write 



a = > n„a 



~V \ " V 

a = 9<*a . 

Corollary 6.2.5. If a is special, then h a = maxj/i^ : £ A}. 

Proof. Since a is the highest root, n{a, a) = a(d v ) > for all a £ A, and so /gv is 
super harmonic. The result is then immediate from the previous corollary. □ 

It is not in general true in the non-simply laced case that, if a is a special root, then 
g a = max{^ : (3 £ A}. However, if equality does not hold, then there is a direct argument 
that m&x{g/3 : £ A} = g a + 1. 

Corollary 6.2.6. Suppose that G is not of type A n . Let a be special. Given 0^ , ... ,0% = 
a v £ A v , indexed so that (0^ , (3^ +1 ) ^ for 1 < i < k — 1, then np 1 > ■ ■ ■ > \i a . 



Proof. It suffices to show that \hp x > ptp 2 . By Proposition |6.2.3 applied to the super- 



harmonic function , we see that 1 = f^^ifii) < f^p {02 )■ Thus by Theorem |6.1.3 



M^i — M/3s- Since 0\ / 02, in fact /i^ > np 2 . □ 

Lemma 6.2.7. Suppose that G is not of type A n for any n, and let a £ A be the special 
vertex. Then \i a is the unique minimally unstable Atiyah-Bott point for the trivial G-bundle 
over C . 



Proof. By Lemma |6. 1.2 any point fj, G Cq which is of Atiyah-Bott type for the trivial 



bundle and indexes a minimally unstable stratum must be of the form fi a for some a S A. 
By Corollary 6.2.6| , only fi a for a special can index a minimally unstable stratum. □ 



For root sysytems of type A n , none of the [i a are comparable, and they are all minimal 
elements. For root systems of type C n or G2, all of the order relations are accounted for by 
Corollary 6.2.6| . In the remaining cases, not all of the order relations among the elements 



of the set {fj,p : £ A} are accounted for by Corollary 6.2.C . In the case of B n , where the 
simple roots are given by a\ = e% — e^, ■ ■ ■ , a ra -i = e n _i — e n , a n = e n , the remaining order 
relations are given by: /% n > /U afc if and only if k > n/2. Likewise, in the case of D n , if 
the simple roots are given by a± = e\ — e2, . . . , a n _i = e n _i — e n , a n = e n -\ + e n , then the 
remaining order relations are given by: At a „_ 1 > (i ak if an d only if k > n/2, and similarly 
for fi an . Of course, it is easy to work out all such inequalities for Eq, Ej, E%, and F4 as 
well. 

The figures at the end of the paper give pictorial representations of the relations between 
the various strata corresponding to maximal parabolics in the case of a simply connected 
simple group. 
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Corollary 6.2.8. Let G be a simply connected simple group. Let a £ A be special. Then 
the stratum C^ a is minimally unstable. If in addition G is not of type A n for any n, then 
C^ a is absolutely minimal in the sense that C^ a ■< C M for all points fj, of Atiyah-Bott type 
for the trivial bundle. □ 



6.3 The non-simply connected case 

Here we assume that G is simple but not necessarily simply connected. In this case as well 
we wish to find all minimally unstable strata. Rather than work out the theory on general 
principles, we shall simply specify all minimally unstable strata. In all cases, c denotes a 
nontrivial element of the center of the universal cover G of G and we assume as we may 
that G = G/(c). 

G = SL{n): 

In this case we identify the center of SL(n) with Z/nZ. Let c be a central element of 
order d. Then there are n/d minimally unstable strata. Their Atiyah-Bott points are fj, a /d 
where a is any vertex with w a (c) = 1/d (mod Z). 

G = SO(2n + l): 

In this case there is a unique minimally unstable stratum. Let a n £ A be the unique 
short simple root. The Atiyah-Bott point fi for the minimally unstable stratum is // a „/2. 

G = Sp(2n): 

In this case there is a unique minimally unstable stratum. Let a n = 2e n 6 A be the 
special vertex and let a n _i = e n -\ — &n be the unique short simple root which is not 
orthogonal to a n . Then the Atiyah-Bott point for the minimally unstable stratum is /U Qn /2 
if n is odd and fj, ctn _ 1 /2 if n is even. 

G = SO(2n): 

In this case there are two minimally unstable strata, interchanged by the outer auto- 
morphism of SO(2n). Let a ra _i and a n be roots corresponding to the "ears" of the Dynkin 
diagram for D n . The Atiyah-Bott points for the two minimally unstable strata are / u Q , n _ 1 /2 
and n an /2. 

G = Spin(4n + 2) and c has order 4: 

In this case there is a unique minimally unstable stratum. Then the Atiyah-Bott point 
is where is the root corresponding to an ear of the Dynkin diagram satisfying 

wp{c) = 1/4. Replacing c by — c changes f3 to the other ear of the diagram. 

G = Spin(An) and G + SO(4n): 



31 



In this case there is a unique minimally unstable stratum. Its Atiyah-Bott point is 
fi a<n _ 3 /2 where a n _3 is the vertex on the long arm of the Dynkin diagram next to the 
trivalent vertex. 

G = ad£ 6 : 

In this case there is a unique minimally unstable stratum. Its Atiyah-Bott point is // a /3 
where a is the unique root next to the trivalent vertex on one of the long arms of the Dynkin 
diagram for Eq with w a (c) = 1/3. Replacing c by — c replaces a by the corresponding root 
on the other long arm of the diagram. 

G = &dE 7 : 

In this case there is a unique minimally unstable stratum. Its Atiyah-Bott point is /i Q /2 
where a is the vertex adjacent to the trivalent vertex on the long arm. 
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